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Abstract. We describe the growth of the naturally defined argument 
of a bounded analytic function in the unit disk in terms of the complete 
measure introduced by A.Grishin. As a consequence, we characterize 
the local behavior of a logarithm of an analytic function. We also find 
necessary and sufficient conditions for closeness of log/(2;), / 6 
and the local concentration of the zeros of /. 



1. Introduction 

One of the basic theorems in complex analysis is the Argument principle, 
which states that if f(z) is a meromorphic function inside and on some closed 
contour 7, with / having no zeros or poles on 7, then the increase of Arg/(z) 
along 7 divided over 2tt is equal to N — P, where N and P denote respectively 
the number of zeros and poles of f{z) inside the contour 7. It seems reason- 
able to ask what can be said if the number of zeros (poles) of / is infinite. 
Obviously, the contour should contain a singular point and the increase of 
Arg/(z) along 7 need not be bounded in this case. Theorem 2 of this paper 
can be considered as a generalization of the Argument principle for bounded 
analytic functions in the unit disk M — {z ^ C : \z\ < 1}. We compare the 
growth of the naturally defined argument of a bounded analytic function F 
with the distribution of its complete measure in the sense of A.Grishin [11, 8]. 

Let us introduce some notation. We write p) = G C : |^ — Cj < p} 
The symbols C(-) and K{-) stand for some positive constants depending on 
values in the parentheses, not necessarily the same in each occurence. Let 
H°° be the class of bounded analytic functions in D. It is well-known [13, 6] 
that / G H°°, \f{z)\ < C, z G B, C > 0, can be represented in the form 

(1) /(z) = CzPBiz)giz), 

where p is nonnegative integer, B is the Blaschke product constructed by the 
zeros of /, 

^<^' - fl - n - ^ 0, - Ki, < „. 

n—l 11^ ' n—1 ' ' n 
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and is an analytic function without zeros of the form 

(3) g^{z) = exp | |l±f rf^^W + 

where tp* is a non- decreasing function, and C" is a real constant. 
We shall also consider the product 

oc 

(4) B{z) = l[biz,an) 

n=l 

which differs from B{z) by a constant factor, provided that the Blaschke 
condition (2) holds. B{z) converges almost everywhere to a finite limit B(e'^) 
as z tends to e*^ non-tangentially; moreover, |B(e'^)| = 1. 

For a fixed the following theorem of O. Prostman [6, 9] gives necessary 
and sufiicient conditions for existence of the radial limit of B{z). 

Theorem A. Necessary and sufficient that 

(5) lim/(re'^°) = L 

and \L\ = 1 for f = B, and every subproduct of B{z), is that 

(6) V , V I < 

If we drop the condition \L\ = 1, then the theorem holds for B instead of 
B as well. 

Theorem A was generalized and complemented by many authors [2, 1, 5]. 
Usually one uses the condition 



(7) E 



< 00 



with 7 < instead of (6). We note that if (7) holds with 7 < and |a„— e'^° | < 
1, then there is only a finite number of zeros a„ in any Stolz angle with the 
vertex e*^" where the Stolz angle with the vertex is defined by 

^,(C) = {CeD: |l-zCI <'t(1-|z|)}, <t>1, 

provided that (7) is valid. We arc interested in the case when (6) fails to hold, 
but (7) hold, when 7 G (0, 1]. The limit cases 7 = 1 and 7 = correspond 
to the Blaschke condition and the Frostman condition, respectively. In this 
situation the zeros of B can be accumulated on the radius ending at e*''", 
which is impossible when 7 < 0. Thus, argi?(z) should be defined carefully. 
If we want to obtain lower estimates for z — > e*^°, z € Bi, we must 

exclude exceptional sets including the zero set. 
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Relations between conditions on the zeros of a Blaschke product B and the 
membership of argi3(e*^) in spaces, < p < oo, were investigated in [19]. 
Criteria for boundedness of p-th integral means, 1 < p < oo, of log|i3| and 
logB were established in [18]. 

Since the proof of the necessity of Theorem A is based on estimates of the 
argument, one may ask whether it is possible to describe the zero distribution 
of a Blaschke product in terms of the behavior of avg B{z). A simple example 
shows that it is not sufficient to know the radial behavior of the argument. 

Let (a„) be an arbitrary Blaschke sequence with non-real elements. We 
define C2„-i = a„, C2„ = a„. Then 



Thus, 



1 1 ■- ™" 

n=l n=l 



(8) / log^-lMd^„(^)__ / _Aj^dm, 



argB(r) =^ arg6(r, c„) =0, < r < 1. 

But a situation is quite different if we consider the behavior of argiJ(2;) in 
a Stolz angle 5^(0, ( € dB, 1 < a < +oo, Sa = 5^(1). Then we are able 
to describe the zero distribution, and even the distribution of the so-called 
complete measure in the sense of A. Grishin [11, 8]. 

Let SH°°{I}) be the class of subharmonic functions in D bounded from 
above. In particular, Iog|/| e SH°°(p) if / G H°°. Every function u € 
SH°°(JD>) which is harmonic in a neighborhood of the origin can be represented 
in the form (cf. [14, Ch.3.7]) 

ICI 27rJ9DlC-^r 
where /x„ is the Riesz measure of u [14], and V' is a Borel measure on the unit 
circle. A complete measure A„ of u in the sense of Grishin is defined [11, 8] 
by the boundary measure and the Riesz measure of u{z). But, since [6] 

lim / / log ^-^—f^d^lu{Ode = 0, -TT < ^1 < ^2 < TT, 

'•Ti Jn \Q\ 
i.e. the boundary values of the first integral in (8) do not contribute to the 
boundary measure, we can define A„ of a Borel set M c D such that M n 
is measurable with respect to the Lebesgue measure on 9D by 

(9) \u{M)= [ (i-|C|)rfM«(C)+V'(MnaD). 

JnnM 

The measure A = A„ has the following properties: 

(1) A is finite on D; 

(2) A is non-negative; 

(3) A is a zero measure outside ID; 
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(4) dX 

(5) dX 



JO -MO; 

(0- (l-ICI)dMn(C). 



li u = log 1/1, / e , then wc shall write Xj instead of Ajog |/|. If -B is a 
Blaschke product of form (2), then Xg{M) = gM(l ~ l^nl)- 

We shall say that g \s a. divisor of / e H°° if g G H°° and there exists 
an ft G -ff°° such that / = gh. It is easy to see, that in this case we have 
\g{M) + Xh{M) = Xf{M) for an arbitrary Borel subset M of © such that 
M n 9D is measurable. 

The following generalization of Frostman's result on bounded functions is 
valid. 

TheoremB (Lemma 3, [1]). LetF e H°°, and Xf{{C}) = OforsomeCe dB. 
The following are equivalent. 

1) 

dXpiO 



< 00. 



/d ic-^i 

2) Every divisor of F has a radial limit at 

2. Main results and examples 

Without loss of generality we can consider the local asymptotic behavior in 
a neighborhood of C = 1 (^o = 0). Let A{z, ^) = ^J^^ , argw be the principal 
branch of Argw. 



Lemma 1 



. Let^&B, z€B\{^}. r/ien |arg6(^,^)| < 7rmin||^(^,^)|,l|. 

Consider the product B{z) defined by (4). We make radial cuts = {C G 
D : C = ra„, r > 1}. The region D* = E) \ [J^^ /„ contains no zeros of B{z). 
Due to Lemma 1 we define (cf. [19]) a continuous branch 



\ogB{z) = Y,^ogb{z,an), zeB*, 



def 



def 

avgB{z) = ?slogB{z). In particular, we have logB(O) = and arg(BiB2) = 
argi?! + arg_B2, where Bi, B2 are Blaschke products. Later, in the proof of 
Lemma 1, we also define argi?(z) on the cuts except zeros. But the resulting 
function will not be continuous there. 

In order to formulate our results wc need some information on fractional 
derivatives [7, Chap. IX], [21, Chap. 8]. For h G L{0,a) (integrable in the sense 
of Lebesgue on (0, a)) the fractional integral of Riemann-Liouville ha of order 
a > is defined by the formula [12, 7, 21] 

ha{r) = D-''h{r) = [\r - x^-^hix) dx, r G (0, a), 
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Z?0/i(r) = h{r), D'-h{r) = _{Z?-(P-")/i(r)}, a e (p - p G N, 

where r(a) is the Gamma function. The function ha is continuous for a > 1, 
and coincides with a primary function of the correspondent order when a e N. 
Wc note that for a < the operator Z?" is associative and commutative as a 
function of a. When writing D~"f{z) we always mean that the operator is 
taken on the variable r = \z\. 

Let 5*(C) = 5*^(0 ni:»(C, ^). The following theorem yields a necessary and 
sufficient condition for the local growth of arg / in terms of the generalized 
Prostman's condition for the complete measure in the sense of Grishin of a 
bounded analytic function in the unit disk. 

Theorem 2. Let F be a bounded analytic function m D, < 7 < 1, Co € 9D. 
In order that for every divisor f of F and every a > 1 there exist a constant 
K = K{'y, a,F) > such that 

(10) sup ID--^ avg f{z)\<K, 
it is necessary and sufficient that 

(11) /^^<oo. 

Remark 3. Since (10) must hold for every divisor / of F, (10) is equivalent to 

(12) sup £>-^|arg/(^)| 

for every divisor / and every a > 1. In fact, we shall prove that (10) =^ (11) => 

(12) . Since it is evident that (12) implies (10), this will prove Theorem 2. 

Remark 4. As we shall see, in order that (11) hold it is sufficient that (10) 
holds for a finite number of divisors of a special form. Moreover, it is enough 
to require that 

lim arg/(z)| < +00, 

for two particular segments Tj ending at (0, C D U {Co}, j £ {1, 2}. 

Corollary 5. Let B be a Blaschke product defined fey f^j, < 7 < 1, Co € 9D. 
In order that for every subproduct B* of B and every a > 1 there exist a 
constant K = K{'y, a,B) > such that 

(13) sup \D-'' arg B*{z)\<K, 
it is necessary and sufficient that 

(») i;]7i^<- 

t^i ICo - flfel 
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0<r<l 

> 



Corollary 6. Let F e , < 7 < 1. // (11) holds, then for every divisor f 
of F the function arg/(r) is bounded if'y = 0, and belongs to the convergence 
class of order j if j E (0, 1), i.e. 

/ (1 — ry~^\argf{r)\dr < +0C. 
Jo 

Proof of Corollary 6. In fact, if < 7 < 1, then 

1 r 

sup L'^'^l arg/(r)| = sup — - / {r-x)''^^\aigf{x)\dx> 

<r<l 0<r<l i (7; Jo 

sup -prr^ / {l-xy-'^\axgf{x)\dx = —— i {I - xy-'^\axgf{x)\dx. 
o<r<i i (7) Jo i (7j Jo 

The case 7 = follows from Theorem A. □ 

Since for any ct > 1 we have © C U|c|=i ^liO U ^(0: \)-, ^om Theorem 2 
we get the following corollary. 

Corollary 7. Let F be a bounded analytic function m D, < 7 < 1, and 
Co e 5D. Then for 

sup \D~'^ arg /(z) | < 00 
to hold, it is necessary and sufficient that 

sup / 7- -13:7 < 00. 



CoehoJn |Co - Cl^ 
Example 8. The analytic function 

F(z)=exp{-ii|}, zgB, 

shows that the condition Xf{{(}) = in Theorem B is essential. In fact, we 

have Af(C) = <^(C ^ 1) where — 1) is the unit mass supported at C = 1- 
The function F has the non-tangential limit as 2; — > 1, 2 G ED, but 

We have 

1 + re**^ ~i 2rsin(p 
argFfre'^ = ^ \ = 

It is clear that arg_F(re'^^'"^^)) +00 as r t 1 for any positive constant (3. 
Theorem 2 yields that D~'^ argF(z) is unbounded for any 7 < 1, consequently 

argF(z) ^0(^^— z^l,z&S^,a>l,^ <1. 

The last relation follows from the fact that h{r) = 0((1 — r)~^) [r ] 1) implies 
D~'*^h{r) = 0(1) (r ] 1) provided 7 < 71 < 1 (cf. Lemma 14 and the lemma 
from [4]). 
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Example 9. Let a G [0, 1), 

Consider the function g{z) = gii,{z) defined by (3), where C = 0. Then g is 
analytic, bounded and has no zeros in ID. In this case Xg is the zero measure, 

and d\g{e^*) = dip(t), t e [— 7r,7r]. We have 

Since |e** — l|~tastj,0 the integral from (16) is convergent if and only if 
the integral f^^"^"' dt is convergent. 
Thus, if 7 > a wo have 

I?"^arg.g^(z) = 0(1), z ^ 1, z & Sa,a > I. 

In the limit case 7 = a = one can show that 

arg5(r) X log-^, r T 1- 
1 — r 

Now we consider the local behavior of the logarithm of a boimded function. 
Following C.N. Linden [17] we introduce characteristics of concentration of 
zeros. Let nz{h) be the number of zeros of an analytic function / in D{z, h{l — 

m. 

|a„-^|<h(l-|^|) I "I i 

These quantities arc usually used for characterizing the local behavior of the 
modulus of an analytic function [15], [16]. 

Theorem 10. Let F £ H°° , < 7 < 1, < /i < 1, and Co e ^D. In 
order that for every divisor f of F and every a > 1 there exist a constant 
K = K{'y, a,F) > such that 

(17) sup |£)-^(log/(^) + iV,(/i))l </^, 

^es*(Co) 

it is necessary and sufficient that 



-ds. 



Corollary 11. Let B be a Blaschke product defined by (2), < < 1, 
Co G dBi, < h < 1. In order that for every subproduct B* of B and every 
a > 1 there exist a constant K = K{'y, a,B) > such that 

sup \D-^{logB{z) + N,{h))\ < K 
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it is necessary and sufficient that 

l-|afe| 



1^- ^.|i-7 



k=i ICo - Ofe 



< 00. 



Statements of such type can be used for obtaining estimates for the min- 
imum modulus of analytic and subharmonic functions ([15, 16, 17]), but we 
omit this topic here. 

If F has no zeros, we easily obtain 

Corollary 12. Let g e H°° be of the form (3), < 7 < 1, Co G 9D. In 

order that for every divisor g* of g and every a > 1 there exist a constant 
K = K{'y,a,g) > such that 

sup |D-'^log5*(^)| <i^, 
^es;(Co) 

it is necessary and sufficient that 



where V' is the Stieltjes measure generated by tp* . 

Let and % be Borel measures on 9D. We shall write that x ^ if 
x(M) < ^{M) for an arbitrary Borel set M c dH. Note that g^ is a divisor 
of g,p if and only if x ^ ^. 

Applying Corollary 12 and Theorem 2 to the function 3^(2;) = exp{h^{z)} 
of form (3), we obtain 

Theorem 13. Let 

TT 

(20) h^{z) = [ ^l±idrit), 

J e z 

— TT 

where ijj* is a monotone function on [— 7r,7r]. Let < 7 < 1, and Co G dH. 
Let lb be the Stieltjes measure generated by ip* . The following conditions are 

equivalent: 

1) For every Borel measure x on dH such that x ^ V' o,''^'^ every a > 1 
there exists a constant K = K{'y, a,tjj) > such that 

sup |D-T/ix(^)| < K. 

2) For every Borel measure x on dD such that x ~^ V' o,i^<i every a > 1 
there exists a constant K = if (7, a,tp) > such that 

sup \D-^Qh^{z)\ < K. 

3) Condition (19) holds. 
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3. Proof of Theorem 2 

We may assume that Co = 1- We restrict ourself to the case < 7 < 1. Let 
/ be a divisor of F, and / of form (1). First, we consider aig B{z), and start 
with proof of Lemma 1 . 

Proof of Lemma 1. We consider the triangle with the vertices A = zf, B = 
I^P, C = 1; AS = 1 - EC = IICP - zS,l AC=\l- £,z\. The quantity 

= arg h{z, = arg — ^ 

I- zE, 

is the value of the angle between the vectors AB and AC. The cut {C,=tE,: 
1 < T < 1^} corresponds to EC. Thus, |</?|| < tt if zl ^ EC. For z^ G EC, i.e. 

def 

for z laying on the cut, we define by the scmicontimiity Lp^ = — tt. Therefore, 
arg6(z,^) is defined in D \ {^} but, obviously, not continuous on the cut. 

Let be the disk constructed on AB as on the diameter. We consider 
two cases. 

UC = zi& D^, then7r/2 < \ip^\ < tt and \z^-l\ < i.e. \A{z,^)\ > 

1. Therefore |arg6(^,^)| < tt = min{7r, |j4(2,^)|} as required. 
If z^ ^ D^, then \ip^\ < 7r/2. Thus, = arcsin ■ Since 

'^b{z,0 = -^Mz,i) = ^zO 



we have 

(21) |<pj| = 



arcsm - 



< 



\\^\2-Z^\\l-Z^\ 

< arcsin min|l, i-J^ I < | min{l, ^)|}. 



□ 



Lemma 14. Let < 7 < a < 00. Then there exists a constant C(7,a) > 

such that 

(22) D- \^ ^ ^, < , Ce®,0<r<l 
^ ^ |1 -r-CI" ~ |1 -rC|"-T 

Proof of Lemma I4. Let arg^ = 0. Then 

(23) |1 -xCl > |1 -rC|cos(6i/2), < a; < r < 1. 

In fact, geometric arguments yield that if \r(\ < cosd, then |1 — xC] > |1 — ''CI- 
Otherwise, cos6' < |rC| < 1, and we deduce 

|l-a;C| > |l-e*^cos0| = |1 - e*''| cos(6'/2) > |1 - rC| cos(6'/2) 

as required. 



10 



IGOR CHYZHYKOV 



Without loss of generality we may assume that 

|6l|<7r/4, ^<r<l, 2|l-rC|<r. 



Using (23), we obtain 



1 



1 r (r - x) 



7-1 



1 



|i-rch r(7)7o |i-xCh 

(r — x) 



-dx = 



< 



< 



mil a-x\c\r 

r(7) 

1 



r-2|l-rC| /-r 
+ / 

dx + 



-211-KI _ ^p-l 



7-1 



-da; < 



/ 



(I 



(r - a;)^-^ 
|i-rC| |1 -rC|"cos« 2 



(1 - a;|C|)^-T+" 7|l-rC|«cos« 



r-2|l-Cr| 



1 



r(7) V(a-7)ICI il-x\C\r-'< 



r-2|l-rC| 



+ 



27 



7 COS" 9/2\l - rCI"- 



< 



< 



+ 



27+a/2+l 

r(7) VQ!-7(l-r-|-2|l-rC||C|)""^ ' 7|1 -rC|«-T 
The lemma is proved. 



< 



|1 -rC|«-T' 



□ 



In order to finish the proof of the sufficiency we need the following lemma 
([10, Lemma 1]). 

Lemma B. Given a >1 there exists a constant C{a) > such that 
li-CI <C(a)|i-zCI, CeB, ^e5,. 

By Lemma 1 we have 

M ^ I- |a„|2 C(F) 

n— 1 ' ' 

Using Lemmas 1, 14, B and (11) we obtain for z G 

oo 

D-^\&TgB{z)\ < 5^£>-T|arg6(^,a„)| < 

1 - la '2 



n=l 



(24) 



°° 1 I 12 

- |l-.a„|- ^^^A.|i_,^„|i-7- 

< 7rC(7, a) ^ _ < C(7, a, F) < +00. 
n=i 1^ '^"l 
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We now consider arg g{z). In view of (3) wc have {z — re^^) 



Using Lemmas 14 and B for z G S'o-, we deduce 

r X sin((p -i) , ,* 



D-^\BXgg{z)\ = 



< 



< 



^^(7,a)£^^r^5^rfV'*W. 

The sufficiency is proved. 

Necessity. First, we consider the subproduct B* of B constructed by the 
zeros a„ satisfying 9a„ > 0, |1 — a„| < i. We denote such a„ by a*. 

Let z = re*''' satisfy arg(l — z) = 7r/4, ^ e [0,^;], ( = p. In particular, 
3C < 0. Then 

S(a:C) = -^>C5?< + 3<3ffC>0, 
and consequently (see (21)) 

arg6(C,a:) > arcsin „ "^/^ ~ > 0. 

By our assumption 

C > D-^ &ig B*{z) = D-^ arg6(z, a^) > 

n 

(26) >Y.I\r- tV-^ arcsin Je-^^aDiX- \<?) 

For every a* satisfying 1 — |a* | > 2(1 — r) and ( £ [0, 2] such that 
|l-a:|<r-p<2|l-a:| 



we have 



Thus, 



Hence, 



p>r-2\l-a*J>r-^>^, r T 1- 



I^CI > \^z\/4 > (1 -r)/4. 



(27) cj(a;^)>_cj^ji«;>_iL(i_^). 



12 



IGOR CHYZHYKOV 



Similarly, 

(28) 9(a:C)>KC9<>— 11-<|, <^52. 
Further, 

|< - CI < |1 - <| + 2|1 - ICII = |1 - <l + 2(r - Id + 1 - r) < 

(29) < |1 - al\ + 2(2 + i)|l - a:| = 6|1 - <|, 

(30) |1 - a^CI <\l-K\ + \<- «:Cl < 6|1 - a;|. 
Thus, for a* G ^2 using (27), (29), and (30) wc have 

/ (r - i)^ ^ arcsin - — — ^^-^ — ' . . dt > 

> r (r-^)7-ijRa;(l-t)(l-|a*p) ^^^ 
"io 144|l-<|2|a*| 

r — 1 1 — I r — 1 1 — a* | 

>C(7) / > C(7) ^ \ , / (r-i)^dt> 

- J |<|(i-|<|) - J ^ ' - 

r-2|l-a*| r-2|l-a;| 

(31) >C(7)(1-K|)^ 

If a* e © \ ^2, then using (28)-(30) we obtain 

r\ ^. 1 . 9(a;te^^)(l - |a;|2) 

/ r - ty-^ arcsin - — ,^ " . ^V, ' V > 

> , {r-tr-'^z\l-a*J{l-\a*S) ^^^ 



I 



72|i-o;Pio: 

r-|l-a* I 

(r-tr-'SjIl-KI 



' Klli-.;l -"^ 

r-2|l-a;| 

r-|l-a* I 

(32) >ci^^ / {r-ty-Ut>C 



r-2|l-a* I 



Hence, 



C>£)-TargB*(^) = 5^£)-^arg6(^,a:)>C ^ 



" |a* |<l-2(l-r) ' 

Since the constants C are independent of r, tending r | 1 we get the statement 
of the necessity for argi?*, and consequently for argi?. 
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Now, we have to estimate D''{a.rgg^) from below. Let Vi be the restricted 
function of on [0,7r/2]. Let arg(l - z) = ^. Then 

-/2 r {r-p^-^ 



sin(t-<p)#*(t) / i'' ,„ ''' ,,,^ dp. 
Jo 



r(7) Jo ' 'Jo |pe^¥'-e'*|2 

In order to estimate the inner integral we may assume that r > 2|2 — e'*| 
without loss of generality. For |z — e**| < r — p < 2\z — e^*\ we have 

|pe''^-e'*| < Iz-pe'^^l + lz-e'*] < 

< (1 + o(l))|r -p\ + \z~e''\< 4\z - e**|, r T 1. 
Moreover, since argz ~ r — 1, we have t — (p> (1 + o(l))(l — r) as r 1 1. Then, 

1^-6**1 = |r-e*(*"^)| < 1 - r + 1 - cos(<^ - i) + sin((p - i) < 

< (1 + o(l)) sin(l - r) + 2 sin^ + sm{t - (f) < 

< (4 + 0(1)) sin(t-<^), rtl. 

Using the latter estimates we deduce 

rV2 rr-\z-e**\ / _ 



1 /"'/^ /T-lz-e I ( -jT-l 



2|2-e**| 

^/^sin(i-(p)|0-e"|^_,,,, , ^, . r'^ diP*{t) 



Tending r to 1 and using Fatou's lemma we conclude that 



Similarly, it can be shown that /°^/2 |i-^t|i— y < ^> ^■^d consequently, 

r rfv.(0 

y_jl_ei*|i-7 

Theorem 2 is proved. 
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4. Proof of Theorem 10 and final remarks 



Proof of Theorem 10. The necessity of the theorem follows from Theorem 2. 

Sufficiency. Let / be a divisor of F. Without loss of generality we may 
assume that / = Bg, where B and g are defined as above. Let L{z,h,f) = 
logf{z) + N,{h). We have 

m{z, h, f) = ^L{z, h,B)-^ 1" 3jf!i±£rfV*(i) = 



E 1- 

\a„-z\<h{l-r) 



a„/i(l - r) 



1 - ZUn 



(33) 



1 

'2^ 



E 1- 

\an-z\>h{l-r) 
Td^*(t) < 0. 



an{z - an) 



1 - ZUn 



Let us estimate ^L(z, h, f) from the below. For |a„ — < h{\ — r) we have 
|1 - zan\ = |1 - \z\^ + z{z^^)\ < 1 - + rh{l - r) < (2 + h){l - r), 
and 



(34) 
Hence, 



(35) 



\an\>r-h{l-r)>^—^, r 



E 1- 

|a„-2l<?i(l-r) 



a„/i(l - r) I 



1 - Zttn 



> 



E 



lnl^> 



o„-z|<?i(l-r) 



2 + /i 



>-C(/i) Yl l^(^'«n)|, r>i 



|a„-0|<h(l-r) 



because Ci < |^(-z, a„)| < C2 if |a„ — 2;| < /i(l — r). 
On the other hand, (see [20, p. 13]) 

(36) -ln|6(^,a„)| <2 ^ |A(^,a„) 

|A(2,a„)|<| \A{z,an)\<i 



It is known that a pseudohyperbolic disk 'D{z, s) = |c : | y 
disk £'(2;*, ^^(s)), where 



2-C 



< s > is the 



0- ^ 

1- S2|^|2 

We are going to prove that 

h 



, Pz{s) = 



1-S2b|2 • 



(37) 



2 + h 



cD{z,{l-\z\)h). 
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It is sufficient to show that \z* - z\ + pz{s) < h{l- \z\) for s < h/{2 + h). We 
have (1^1 = r) 



1 — s^r-^ 



l-s 



Thus, wc arrive to the incquaUty 2,s < h{l — s), which is equivalent to —1 < 
s < Inclusion (37) is proved. Therefore, for a„ ^ D{z, h{l — r)) we have 



-ln|6(^;,a„)| < In 



2 + /i 

h\an\ 



Hence, using (34) 



2 + /i 



E -ln|6(.,a„)|<2 ^ In^ < 



\A{z,a^)\>\ 
\an-z\>h(\-r) 



|A(z,a„)|>i 
|a„-2|>/i(l-r) 



(38) 



<41n^^^ J2 l^(^,a„)|. 



h{l - h) 



|A(z,a„)|>i 
\ari-z\>h(l-r) 



It follows from (33)-(38) that 

^L{z, h, B) > -C{h) an) 



Hence, as in the proof of the sufficiency of Theorem 2 (see (3)) we deduce for 
(39) D-mL{z, h, B) > -C{h, 7) i > 7, ^, B). 



Further, 



1 

2^ 



|e"- — z|' 27r _ 

Applying Lemma 2 for z laying in the Stolz angle 5*0-, we obtain 
1 _ ^2 



,dv*(0 



< / D-^ 



< 



(40) 



< oo. 



Together with (39) this yields D-^nL{z,h,f) > -C. And, in view of (33) 
we, finally, have \D-^m{z,h,F)\ < C. 

It remains to apply Theorem 2. Theorem 10 is proved. □ 
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Remark 15. Frostman type condition (11) can be rewritten in terms of the 

modulus of continuity of the complete measure. Let Xf{C,t) '= Xf{D{(^,t)). 
Then (11) is equivalent to 



where co{t;(o, Xf) is the modulus of continuity of the measure Af at the 
point Co- 

From this point of view it is interesting to compare Theorem 13 with results 
from [4], where necessary and sufficient conditions for growth of the maximum 
modulus and the maximum of the real part of is established in terms of 
the modulus of continuity of the function ip*. Similar results for L^-metrics 
are obtained in [3]. 

I would like to thank Prof. G. Gundersen and the participants of the Lviv 
seminar on the theory of analytic functions for valuable comments which con- 
tribute to the improvement of the initial version of the paper. 
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